Complete characterization of a noisy multipartite quantum state in terms of entanglement requires full knowledge of how the entanglement content in the state is affected by the spatial distribution of noise in the state. Specifically, we find that if the measurement-basis in the protocol of computing localizable entanglement and the basis of the Kraus operator representing the local noisy channel do not commute, the information regarding the noise is retained in the system even after the qubit is traced out after measurement. Using this result and the basic properties of entanglement under noise, we present a set of hierarchies that localizable entanglement over a specific subsystem in a multiqubit state can obey when local noise acts on the subparts or on all the qubits of the whole system. In particular, we propose two types of hierarchies -one tailored according to the number of noisy unmeasured qubits, and the other one that depends additionally on the cardinality of the set of noisy measured qubits, leading to the classification of quantum states. We report the percentage of states satisfying the proposed hierarchies in the case of random three-and four-qubit systems and show, using both analytical methods and numerical simulations, that in almost all the cases, anticipated hierarchies tend to hold with the variation of the strength of noise.
I. INTRODUCTION
Quantum entanglement [1], in both its bipartite and multipartite form, has been proved to be an important ingredient in quantum information processing tasks, including quantum teleportation [2-7], quantum dense coding [8] [9] [10] [11] [12] [13] [14] [15] [16] , entanglement swapping [17, 18] , quantum cryptography [19] [20] [21] [22] [23] [24] [25] , quantum metrology [26] [27] [28] [29] [30] , and measurement-based quantum computation [31] [32] [33] [34] . Along with designing photonic setups for performing quantum protocols [35] [36] [37] [38] [39] [40] [41] , quantum many-body systems such as trapped ions [42] [43] [44] [45] [46] [47] , superconducting qubits [48] [49] [50] , nuclear magnetic resonance molecules [51, 52] , ultracold atoms in optical lattices [53] [54] [55] [56] , and solid-state systems [57] are also potential candidates for realizing quantum computational tasks as well as quantum transport over a short distance. This has also led to the study of entanglement properties in the characteristic phases of paradigmatic quantum many-body systems [58, 59] , especially in the vicinity of quantum criticality. However, successful experimental realizations suffer from environmenntal interactions with the system, thereby reducing the entanglement content in the system. This has motivated rigorous investigation in understanding the behaviour of entanglement when different types of noise is present in the system [60] [61] [62] [63] [64] [65] .
Recent emergence of various noisy intermediatescale quantum (NISQ) devices [66] [67] [68] has highlighted the need for appropriately characterizing the quantum states, which are prepared in these systems, and are envisioned as resources in quantum protocols. Note that all of them are currently constituted of less than 100 qubits and are viewed as the potential pathways to achieve quantum supremacy [69] . A major step towards such characterization is the investigation of the spatial distribution of entanglement in these mul-tipartite systems, subject to the presence of noise in different parts of the system. Spatial distribution of entanglement has recently been proven useful in enabling Einstein-Podolsky-Rosen (EPR) steering [70] in atomic clouds [71] and in Bose-Einstein condensate [72] . Moreover, entanglement has been generated between atoms occupying different spatial regions of a multipartite system composed of thousands of ultracold atoms [73] , which puts the importance of the study of the effect of noise present in different spatial parts of the system into perspective. Apart from the manybody systems, inspiration of such studies can also be found in the possible relation between the quantum yield of a light-harvesting complex [74] [75] [76] [77] and the spatial distribution of entanglement among its different components [78] .
Despite extensive studies on the effect of local as well as global noise on the entanglement content of a multiparty system [60] [61] [62] [63] [64] [65] , it is not yet clear how the spacial distribution of noise, in the form of the presence and absence of local noise at various parts of a multiparty system, affects the entanglement content of the whole system as well as a certain block of the system, which may consist of two or more sites. While the notion of locality of noise is well-established [79, 80] , a major issue towards the line of investigation of the latter is the quantification and subsequent computation of entanglement in different parts of a multiparty quantum system. In this paper, we focus on the maximum average entanglement that can be localized in subparts of a multiparty system by performing local projection measurement on the rest of the system, which is also referred to as the localizable entanglement (LE) [81] [82] [83] [84] (cf. [85] ). It has been shown to be an appropriate quantifier in measuring entanglement since it still keeps information about the quantum correlations in the measured subparts of the original sys-tem. In particular, the measure is made for the multiqubit Greenberger-Horne-Zeilinger (GHZ) [86] and stabilizer states [79, 87, 88] , and states emerging in the studies of quantum networks and entanglement percolation (see [89] and references thereto). Also, the potential of localizable entanglement, even when computed over a pair of qubits, to be considered as a multipartite measure of entanglement [90, 91] makes it an appropriate candidate for the investigation of the effect of spatial distribution of noise on the entanglement at different parts of the system.
In this paper, we establish the hierarchies of the values of localizable entanglement based on the sites on which local noise acts and local measurements are performed to different subparts of a multiparty quantum system. We show that the proposed ranking is independent of the strength of the noise. We divide the ranking of states into two categories. One of them depends only on the cardinality of the set of noisy qubits where measurements are not performed, and we call it as envelope ranking. On the other hand, there can also be a fine-grained hierarchy, which additionally depends on the cardinality of set of noisy qubits on which local measurements are performed. To demonstrate this classification among states, we consider local uncorrelated Pauli noise including the bit-flip, phase-flip, and depolarizing noise as the non-dissipative ones, and local amplitude-damping noise as an example of the dissipative noise. We analytically derive conditions under which the information about the local Pauli noise on the measured qubits is re-encoded in the system even when the measured subsystems are traced out in the computation of localizable entanglement. For simplifying the investigation, we use the restricted localizable entanglement (RLE) [87, 88] in which local measurements are restricted to spin measurements based on Pauli matrices. When three-qubit states belonging to the paradigmatic generalized GHZ and W states, GHZ -and W-class are subjected to local noise, we compute the percentage of states satisfying fine-grained and envelope hierarchies for LE and RLE. We also discuss the existence of characteristic noise strengths in relation to the vanishing of the RLE and LE, and point out its relation with the hierarchies. We extend our results to Haar uniformly generated random four-qubit systems, and compare the results with three-qubit random states regarding the validity of this characterization. We also observe that rankings of LE in states based on only the cardinality of the set of noisy qubits fail with increase of noise.
The rest of this paper is organized as follows. In Sec. II, we provide necessary definitions of localizable and restricted localizable entanglement, and different local noise models considered in this paper. The effect of local noise on restricted localizable entanglement, when noise is applied to the whole or a group of qubits in the system, is described in Sec. III. The hierarchies of localizable and restricted localizable entanglement has been introduced in Sec. IV, and the validity of them in the systems of three and four qubits has been discussed in Sec. V-VII in a case-by-case basis. Sec. VIII contains the concluding remarks.
II. DEFINITIONS AND FORMALISM
In this section, we briefly discuss localizable entanglement, and the issue of its optimization. We also define terminologies used while considering different types of local noisy channels.
A. Localizable entanglement
In a multiqubit system constituted of N qubits, the maximum possible average entanglement that can be accumulated over a chosen set S of N − n qubits by performing independent local projection measurements on the rest of the n qubits forming the set R, with R ∪ S = ∅, is called the localizable entanglement (LE) [81] [82] [83] [84] over the qubits in S. Let us denote the qubits in the N -qubit system by 1, 2, · · · , N , and an arbitrary qubit by i, i = 1, 2, · · · , N . Without any loss in generality, we always assume that the measurement is performed over the last n qubits, such that i ∈ R ≡ {N − n + 1, N − n, N − n − 1, · · · , N − 1, N }. For a quantum state ρ describing the N -qubit system, the LE over the set S of qubits is given by
Here, the maximization is performed over the complete set of single-qubit rank-1 projection measurements on the qubits in R. The multi-index k ≡ k N −n+1 k N −n · · · k N denotes the outcome of the measurement corresponding to the projectors {P ki i = |k i k i |} on the qubits i ∈ R. The reduced stateρ (k) S of the qubits in S is obtained by tracing out the qubits in R from the post-measured stateρ k corresponding to the outcome k, given bỹ
The probability of obtaining the measurementoutcome k is p k = Tr M k ρM † k , and the measurement element is given by
with I j being the identity operator in the Hilbert space of qubit j.
In the case of qubit systems, the rank-1 projectors corresponding to each qubit i ∈ R can be parametrized where {|0 i , |1 i } is the computational basis of the Hilbert space of qubit i. This parametrization reduces the maximization in Eq.
(2) to a maximization problem involving 2n real parameters. However, the maximization becomes challenging when n is a large integer [81] [82] [83] [84] 92] . There exists only a number of systems for which the optimal measurement basis for maximizing LE can be determined analytically, viz. a number of paradigmatic quantum states including the multiqubit Greenberger-Horne-Zeilinger (GHZ) [86, 92] , the W [92] [93] [94] , the Dicke [92, 95, 96] , and the stabilizer [33, 34, 87, 88] states, and quantum spin Hamiltonians with certain symmetries [97] .
The definition of LE (Eq. (2)) depends also on the computability of a chosen entanglement measure E, which is called the seed measure [92] , for the reduced state ρ S . In cases where one has to deal with a mixed state describing the N -qubit system, such as the scenarios involving noise, subsequent reduced postmeasured states ρ S are also mixed. The scarcity of computable entanglement measures for mixed states in arbitrary dimension [1] makes the determination of LE difficult in these situations. In this paper, we restrict ourselves to the cases where n = 2, for which several computable entanglement measures are available [1] . We select negativity [98] as the entanglement measure for calculating LE, which, for a generic bipartite state, ab , describing parties a and b, is defined as
Here, Ta ab 1 is the trace-norm of Ta ab , which is obtained by performing a partial transposition of the state ab with respect to the party a. It can be shown [99, 100] that the negativity E( ab ) can be computed from the eigenvalues {λ i } of Ta ab as the absolute sum of the negative eigenvalues, given by
Since Ta ab has only one negative eigenvalue when ab describes a two-qubit state [101] , E( ab ) = |λ| for λ < 0.
B. Restricted localizable entanglement
In many of the systems where analytical computation of LE over a pair of qubits is possible, the optimal bases corresponding to the local projection measurements on the rest of the qubits belong to the eigenvectors of the Pauli matrices, σ x,y,z [33, 34, 87, 88, 92, 97] .
These results inspire the following assumption, and the subsequent definition of a restricted LE (RLE) [87, 88] , which is obtained by allowing only Pauli projections over the qubits i ∈ R (cf. restricted quantum discord [102] ). Assumption: Corresponding to each of the qubits r j ∈ R, projection measurements "only" in the basis of (i) σ z
2 ) are allowed in order to accumulate entanglement on the qubits in S. The real parameters {θ i , φ i } are defined in Eq. (4), and the subsequent discussion. Evidently, under the above assumption, there can be a total of 3 n combinations of Pauli bases on the n-qubits in R, for each of which 2 n measurement outcome is possible and an average entanglement, representing a possible value of RLE, can be computed.
Let us now denote the Pauli matrix corresponding to the measurement bases on the qubit i ∈ R by σ αi i , where values of α i , given by α i = 0, 1, 2, represent the Pauli matrices σ x i , σ y i , and σ z i , respectively. The overall Pauli measurement configuration over the region R is represented by σ α R , where α ≡ α N −n+1 α N −n · · · α N is the multi-index having values 0, 1, 2, · · · , 3 n − 1. For each of the all possible measurement combinations {σ α R ; α = 0, 1, · · · , 3 n − 1}, one can compute a value of the RLE, denoted by E α,S . The maximum value of RLE, denoted by
is obtained by maximizing E α,S over the complete set of Pauli measurement configurations {σ α R , α = 0, 1, · · · , 3 n − 1}. From the definition of LE, we have
The importance of E S lies in the existence of quantum states, such as the stabilizer states without [33, 34] and in the presence [87, 88] of local uncorrelated Pauli noise, and ground states of certain quantum manybody systems [81-84, 92, 97] , for which E S = E S . Moreover, if one now considers the absolute error originated due to the restriction, given by |E S − E S |, with |E S −E S | ≤ ε, ε being a small number, typically ∼ 10 −3 or less, then the LE can be safely approximated by the RLE. In this situation, the definition of RLE can be used to obtain closed form expressions, which represents the LE with negligible error, and which can not be obtained analytically otherwise. This will be clear in subsequent sections.
C. Models of uncorrelated noise
We shall focus on local noise models in this paper, where the noise is confined at and is identical for individual qubits of the total system. We assume a scenario where single-qubit uncorrelated noise acts on m (m ≤ N ) qubits in the N -qubit system, forming the set L. For a fixed value of m, there can be N m such noise configurations with m = 0, 1, 2, · · · , N (see Fig. 1 for an example of a four-qubit system). We shall show the interplay between the set of qubits, R, on which the measurements are made, and the set, L, on which the noise acts. Let us denote an N -qubit quantum state by ρ m N , where the subscript and the superscript specify the number of qubits in the system and the number of noisy qubits respectively. The noiseless state is represented by ρ 0 N in this notation. The noise map, for the initial N -qubit state ρ m N , is given by
We assume uncorrelated single-qubit noisy channels, and employ the Kraus operator representation for the evolution Λ L of a multiqubit state ρ 0 N , where the operation Λ L (.) can be expressed by an operator-sum decomposition given by [79, 80] 
with {K µ = √ p µKµ } being the Kraus operators satisfying µ K † µ K µ = I, and
where d−1 µi=0 p µi = 1 for a specific i ∈ L, and µ ≡ · · · µ i−1 µ i µ i+1 · · · is the multi-index corresponding to the m-qubit Kraus operators for the qubits i ∈ L.
Here, I N −m = i / ∈L I i is the identity operator in the Hilbert space of the subsystem of (N − m) noiseless qubits, {K µi ; µ i = 0, 1, · · · , d − 1} is the set of Kraus operators corresponding to the noisy channel on the qubit i, and d is the cardinality of the set {K µi }. In this paper, we shall focus on non-dissipative singlequbit Pauli noise including the bit-flip (BF), phase-flip (PF), bit-phase-flip (BPF), and depolarizing (DP) channels [79, 80] , while the amplitude-damping (AD) channel [79, 80] is considered as an example of a dissipative noise. The single-qubit Kraus operators corresponding to these channels for an arbitrary qubit l i are given by
where the subscripts of the Kraus operators K are the different values of µ i , I i is the identity matrix in the Hilbert space of qubit i, and p (0 ≤ p ≤ 1) can be interpreted as the strength of the noise.
III. EFFECT OF LOCAL PAULI NOISE ON RESTRICTED LOCALIZABLE ENTANGLEMENT
In this section, we shall discuss the effect of local Pauli noise on the restricted localizable entanglement (see Sec. II B) of an arbitrary noisy quantum state ρ m N . Later, we shall show that there exists quantum states for which these results can safely describe the same for localizable entanglement with negligible error.
Computation of RLE in quantum states subjected to local Pauli noise requires a projection measurement in the basis of a chosen Pauli matrix σ αj j on a qubit j in the noisy state ρ m N . This measurement is followed by a partial trace operation on the same qubit. For demonstration, we choose the BF noise, where the noisy state ρ m N , obtained from the noiseless N -qubit state ρ 0 N by the application of the BF noise, can be written as
We assume a projection measurement on the qubit j in the basis of a chosen Pauli operator σ αj j , where the index α j has been defined in the discussion preceding Eq. (7) . The projection operation can be written as
where k j = 0, 1 represents the measurement outcomes corresponding to the bases of σ αj . From the properties of Pauli operators,
with γ = 0, 1, 2, where k j = k j if γ = α j , and k j = k j +1 modulo 2 if γ = α j . Note that γ = α j describes the situation where the projection operator P αj kj and σ γ j have the same basis, while γ = α j indicates otherwise. While the projection measurement destroys all quantum correlation between the qubit and the rest of the system, the information regarding the noise on the measured qubit depends both on the basis of the projection measurement as well as the basis of the singlequbit Pauli noise. We formulate this via the following proposition. Proposition I. When a projection operation P αj k l in the basis of a chosen Pauli matrix σ α l , α l = 0, 1, 2, is performed on a chosen qubit l corresponding to an N -qubit state ρ m N obtained by the application of local uncorrelated bit-flip noise on m qubits forming a set L, followed by a tracing out of the measured qubit l, then for l ∈ L, the information regarding the noise on the measured qubit encoded in the probabilities corresponding to the Kraus operators is lost if the Pauli operator chosen for measurement matches with Kraus operator corresponding to the local bit-flip noise which is not identity, i.e., if α l = 0, and is retained in the rest of the system otherwise, i.e., if α l = 1, 2. Proof. First, we note that two situations are possible corresponding to the chosen qubit l. First, we assume that l / ∈ L, i.e., the measured qubit is noiseless. This is a situation where application of the projection operation on qubit l and subsequent tracing out of the measured qubit results in an (N − 1)-qubit post-measured states on the rest of the qubits, with all the noisy qubits in L present in the system. The post-measured states corresponding to both the outcomes k l = 0, 1 on the remaining N − 1 qubits after tracing out the qubit l are of the form given in Eq. (13) , where the information regarding the noise on qubit l is lost.
As the second situation, we consider the case l ∈ L, i.e., the situation described in the proposition. In this scenario, two possibilities exist.
This situation occurs in the case of BF noise when α l = 0. Application of P 0 k l on ρ m N leads to the post-measured states on the remaining N − 1 qubits as
for k l = 0, 1, where L\l represents the set of noisy qubits with the qubit l removed, and
We remind ourselves that the superscript "0" in ρ 0,k l N −1 or in any other quantum state represents the fact that the state is noiseless (m = 0), while the superscript "0" in P 0 k l stands for α l = 0, which implies the basis of the projection operator P 0 k l to be that of σ x . The state in Eq. (16) has a form identical to the state in Eq. (13) . Note that this is identical to the situation where the qubit l is noiseless, and the number of noisy qubits is m − 1 in a quantum state of N − 1 qubits.
This, for the BF noise, describes the case α l = 1, 2. Eq. (15) indicates that for half of the terms in ρ m N (Eq. (13)), projection operation P 1,2 k l leads to application of P 1,2 k l on ρ 0 N , where k l = k l + 1 modulo 2. For the rest of the terms, P 1,2 k l applies to ρ 0 N . This results in the post-measured states of the form
on the N − 1 unmeasured qubits including the remaining m − 1 noisy qubits forming the set L\l, where k l , k l = 0, 1, has the form given in Eq. (16) , and k l = k l + 1 modulo 2. Note thatρ m−1,k l N −1 has contribution of both m−1,k l N −1 (with probability 1 − p/2, which is the same as the probability with which the state of qubit l under BF noise is kept unchanged) as well as m−1,k l N −1 (with the same probability p/2 by which the state of qubit l is flipped), which results from the re-encoding of the information about the single-qubit noise on qubit l in the rest of the system after tracing qubit l out. Hence the proof.
In situations where the noise and the projection measurement on a group of qubits, say r ≡ {r 1 , r 2 , · · · , r m } where r ⊆ R and r ⊆ L with m ≤ m, have the same basis, the following corollary follows directly from Proposition I. Corollary I.1. For a multi-qubit state as given in Eq. (9) where Λ L represents uncorrelated identical single-qubit Pauli noise on m qubits in L, the restricted localizable entanglement E (α,S) where the values of α correspond to projection measurement on the m noisy qubits in the basis that is identical with the basis of the noise, obeys the relation
Proposition I can be extended to the case of local projection measurements in the Pauli basis on a group of qubits in R. The next Proposition is for the PF channel, having a proof similar to that of Proposition I. Proposition II. When a projection operation P α l k l in the basis of a chosen Pauli matrix σ α l , α l = 0, 1, 2, is performed on a chosen qubit l in a state ρ m N originating from local uncorrelated phase-flip noise on m qubits, and subsequently the qubit l is traced out, the information regarding the noise on the measured qubit encoded in the probabilities corresponding to the Kraus operators is lost if α l = 2, and is retained in the rest of the system if α l = 0, 1, when l is a noisy qubit. The situation, however, is slightly different in the case of DP noise, which is given in Proposition III, and which can clearly be seen from the form of the corresponding Kraus operators in Eq. (12) . Proposition III. When a projection operation P α l k l in the basis of a chosen Pauli matrix σ α l , α l = 0, 1, 2, is performed on a noisy qubit l in a state ρ m N having local uncorrelated depolarizing noise on m qubits, and subsequently a tracing out of qubit l is performed, the information regarding the noise on the measured qubit encoded in the probabilities corresponding to the Kraus operators remains in the rest of the system irrespective of the values of α l . Proof. We proceed in a fashion similar to the proof of Proposition I, identifying two possible situations (i) l / ∈ L, and (ii) l ∈ L. The outcome of the situation (i) is complete loss of information, as shown in Proposition I. On the other hand, in situation (ii), as before, two possibilities exist: (a) γ = α l , and (b) γ = α j . However, in the case of DP noise, the situations (a) or (b) never exclusively arise as the Kraus operators involve all three components of the Pauli matrices. While α l = γ for a specific value of γ, α l = γ for the rest of the values of γ. Therefore, the information regarding the noise on the measured qubit encoded in the probabilities corresponding to the Kraus operators remains in the rest of the system irrespective of the values of α l . We point out here that the possible sustainability of the effect of local Pauli noise, after performing the local projection measurement and the subsequent tracing out operation, is in contrast with the complete disappearance of the effect of noise when the noisy qubit is traced out without performing any measurement. The latter is guaranteed by the trace-preserving properties of the Kraus operators used to characterize the local noise on individual qubits (see Eqs. (12) ).
IV. SETTING THE STAGE: HIERARCHIES OF LOCALIZABLE ENTANGLEMENT
In this section, we discuss the possible hierarchies of the values of LE and RLE depending on the number of qubits on which local noise is applied. From now onward, unless otherwise stated, we localize entanglement over a region constituted of two specific qubits, say, 1 and 2, by performing local projection measurement on the rest of the N − 2 qubits, indexed as 3, 4, · · · , N , and forming the set R. To keep the notations uncluttered, we discard the subscript 'S', and denote the LE (RLE) by E 12 (ρ m N ) (E 12 (ρ m N )) in the following, where ρ m N is the noisy state with local noise applied to m of the N qubits, forming the set L of noisy qubits. In terms of the pair of qubits on which entangle-ment is localized, three different situations exist: when (i) none, (ii) any one, or (iii) both of the qubits 1 and 2 belong(s) to the set L, i.e., is (are) influenced by the local noise. These scenarios, along with the general intutions gathered about the trends of entanglerment measures under local decoherence [60] [61] [62] [63] [64] [65] , motivate us to propose certain intuitive orderings amongst the values of LEs and RLEs, independent of the local noise models. In succeeding sections, for specific noise models, we shall illustrate whether the LE and the RLE follow such classifications. We assume m to be the maximum cardinality of L, following the notations used in Sec. III.
qubits 1 and 2 are not affected by noise. There can be N −2 m possible sets L of noisy qubits in R, which, in general, will correspond to different values of the LE and the RLE. We expect the following relation between the values of the LE and the RLE, as well as the cardinality of the set of noisy qubits:
where E = E(E ) representing the LE (RLE), m is the maximum cardinality of a different set L of noisy qubits obeying the situation (i) (marked in the subscript), and we have assumed m ≤ m without any loss in generality. Possible scenarios with four qubits are exhibited in Fig. 1(a) . Note that for clarity, we denote the state ρ m N by ρ l1l2···lm for all illustrations, where the subscripts denote the qubits subjected to noise.
(ii) Scenario 2. In this case, any one of the qubits 1 and 2 are considered to be noisy, i.e., either 1 or 2 ∈ L, and consequently m ≤ N − 1. For each of the qubits 1 and 2 in L, the number of possible values of both LE and RLE for ρ m N is m N −1 m−1 . In situation (ii), we predict
where the superscript j = 1, 2 denotes the choice for noisy qubits from the unmeasured set of qubits, and E and m (m ≤ m) have similar definition as in situation (i), as depicted in Fig. 1(b) .
(iii) Scenario 3. Both the qubits, 1 and 2, are noisy, implying 1, 2 ∈ L, and m ≤ N . The total number of possibilities for choosing the set of noisy qubits L from the N qubits is N −2 m−2 . In this case, we anticipate
where E and m have similar definition as in situation (i), and m ≤ m. See Fig. 1 The state ρ l 1 l 2 ···lm implies that the qubits {l1, l2, · · · , lm} are subjected to noise in the N -qubit system. And finally, between the different situations, we propose
Note here that the inequalities (23)-(24) together can be satisfied even when some, or none of the inequalities (20)- (22) are valid. In this sense, (23)-(24) are considered as an envelope over the fine-grained hierarchies of LE presented in (20)- (22) . For the purpose of comparison, as shown in Fig. 1 , we denote inequalities (20)-(22) by H 1 , H 2 , and H 3 respectively, while the envelope inequalities (23)-(24) together are denoted by H 4 (Fig. 2(a) ). The inequalities (20)-(24) also imply that more the influence of noise on the unmeasured qubits, more can be the effect of noise on LE in the form of a reduction in its value.
We point out here that the inequalities (20)-(24) are designed with specifically LE in mind as the measure for entanglement. For a bipartite or multipartite entanglement measure other than LE [1], which is usually computed by using the density matrix of the whole system or the reduced density matrix of a subsystem, a more logical expectation would be a hierarchy in terms of the cardinality of the set of noisy qubits. In the present case, the ranking for entanglement over the subsystem constituted by qubits 1 and 2, with m as the parameter, is expected to be
where m ≥ m . Here, we have considered entanglement over the same pair of qubits as in the cases of (20)-(24) for the purpose of comparison. We denote (25) by H 5 . Note that H 5 does not take into account the configuration of noise on the qubits 1 and 2. However, computation of the reduced state on qubits 1 and 2 ensures the complete loss of information about the local noise applied on the rest of the qubits, and the effect of noise on E 12 will again be determined by the local noise present on qubits 1 and 2 only (see discussions succeeding Proposition III). The difference between this approach with the one discussed in H 4 is the possibility of contribution to the local noise on qubits 1 and 2 from the local noise on the rest of the qubits due to the projection measurement operation involved in the case of H 4 , which is absent in H 5 , as illustrated in Fig. 2 . Specifically, when a large number of measured qubits are noisy, the additional contribution to noise accumulated on qubits 1 and 2 due to the measurement on the noisy qubits other than (1, 2) may be large enough so that H 4 and H 5 differs substantially (see Sec. III for the contribution from the measured noisy qubits).
V. CLASSIFICATIONS OF STATES WITH PHASE-AND BIT-FLIP NOISE
In this section, by considering a multi-qubit system under noise models, let us determine the hierarchies between the values of LE corresponding to different configurations of noise on the system. We remind ourselves that we have adopted a notation where the noisy state ρ m N is denoted by ρ l1l2···lm , where the subscripts provide the positions of the noisy qubits. We start the discussion with a three-qubit system, and adopt the notation used in Figs. 1-2 to describe the noisy states for clarity. The hierarchies discussed in Eqs. (23)-(24) in the (2) The hierarchies H4 and H5 for different distributions of local noise on a system of N = 4 qubits. The interpretation of the notation ρ l 1 l 2 ···lm is similar to that given in Fig. 1. case of a three-qubit system becomes
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while the ones in Eqs. (20)- (22) becomes
where E = E(E ) represents the LE (RLE). On the other hand, in terms of the cardinality of the set of noisy qubits, one should expect
according to Eq. (25) . For future references, we denote Eqs. (26)-(27) together by "Env", and Eqs. (28) and (29) by "A" and "B" respectively, while Eqs. (30)-(32) together are represented by "C". We shall now prove whether such inequalities hold for a class of three-qubit states. gGHZ states. Let us first consider a paradigmatic class of three-qubit states, namely, the generalized GHZ (gGHZ) state, given by
where α (0 ≤ α ≤ π) and β (0 ≤ β ≤ 2π) are real numbers. The three-qubit GHZ state is a special case of the gGHZ state with β = 0, α = π 2 . The LE over qubits 1 and 2 is obtained by performing local projection measurement in the basis of σ x 3 on qubit 3 in the GHZ state, leading to maximally entangled post-measurement states |Φ ± = 1 √ 2 (|00 ± |11 ) on qubits 1 and 2, which subsequently leads to E 12 (|GHZ GHZ|) = 1. On the other hand, E 12 (|gGHZ gGHZ|) ≤ E 12 (|GHZ GHZ|) for all values of α, β. Our numerical analysis suggests that in the case of the three-qubit gGHZ states subjected to local noise, examples of both E 12 = E 12 and E 12 > E 12 exist, as discussed in the subsequent discussions. To compare the LE and the RLE for the class of generalized GHZ states, we specifically evaluate the absolute error ε = E 12 (ρ) − E 12 (ρ). We find that in presence of noise on all the qubits or set of qubits, ε ∼ 10 −2 . Fig. 3 depicts ε as bit-flip and amplitude-damping noise is acting on the qubits in the three-qubit gGHZ states. Note that for the PF noise, RLE can faithfully mimic LE with sufficiently low error (∼ 10 −3 ), which is not the case for the other types of noise considered in this paper. For the RLE under PF noise, E 12 = E 0,12 , which implies that the optimal Pauli measurement on qubit 3 is in the basis of σ x .
Note that from the symmetry of the gGHZ state,
where E = E, E , and for the RLE, local projection measurement in the Pauli basis is always performed on qubit 3. This modifies Eqs. (26)- (29) as
In the following Propositions IV-V, hierarchies among the values of RLE for different values of m and for different situations described in Sec. IV are discussed when single-qubit BF and PF noise are applied to the three-qubit gGHZ states.
Proposition IV. Phase-flip channel. The values of E 12 corresponding to the different values of the cardinality m = 1, 2, 3, of the sets of noisy qubits, calculated by using negativity as the seed measure, over the qubits 1 and 2 of a threequbit generalized GHZ state subjected to local uncorrelated phase-flip noise of strength p, 0 ≤ p ≤ 1, satisfy
The proof of the proposition can be found in Appendix B 1. When the bit-flip channel acts on the qubits, similar inequalities like 39 can be obtained by calculating localizable negativity in different scenarios. In particular, we have the following Proposition, the proof of which is given in Appendix B 2. Proposition V. Bit-flip channel. When local bit-flip noise of strength p, 0 ≤ p ≤ 1, acts on all or some of the qubits in a three-qubit generalized GHZ state, the RLE obey the following ranking.
Robustness of RLE.
At this point, a word on the robustness of RLE of the gGHZ states under local uncorrelated Pauli noise is in order. The robustness of the RLE can be quantified by the value of p = p c at which E 12 (ρ) vanishes. For the Markovian nature of the single-qubit uncorrelated Pauli noise, the value of E 12 (ρ) remains 0 for p ≥ p c . The higher is the value of p c , the more robust is the RLE for a specific set of noisy qubits. In the case of the PF noise, the values of E 12 for all possible different sets L of noisy qubits vanishes only at p = 1. However, in the case of the BF channel, E 12 (ρ 3 ) never goes to zero, while E 12 (ρ 12 ) goes to zero at a specific value p = p c ≤ 1, which is computed as the solution of the equation obtained from (B11) by converting the inequality to an equality. The value of p c depends completely on the initial gGHZ state, and a value of p c < 1 implies a less robust behaviour of E 12 (ρ 12 ) compared to that of the other sets L of qubits under the BF noise.
Dynamics of LE.
It is now logical to ask whether the LE of the gGHZ states subjected to local noise on different sets of qubits obey the same hierarchies as the RLE. We anticipate from Fig. 4 that the answer can be negative.
To support this view, in Fig. 4 , we consider examples of the variations of the LE as a function of the noise strength p, when local noise of BF, PF, DP, and AD types are applied to a set of chosen qubits in |gGHZ with α = π 3 , β = 0. It is clear from the variation of E 12 (ρ 123 ) and E 12 (ρ 12 ) with p for the bit-flip noise that when the noise strength is high (p ≥ 0.7), E 12 (ρ 123 ) < E 12 (ρ 12 ), although the maximum difference being very small (of the order of 10 −2 ). This modifies the hierarchy obeyed by the LE, compared to the same for the RLE (Eq. (40)), as
for high value of p. On the other hand, for the PF channel, the hierarchy for the RLE mimics the same for the LE with negligible error for the given example. Note, however, that the modified hierarchy in Eq. (41) is still in accordance with the proposed hierarchies for three-qubit systems, as given in Eqs. (26)- (29) . Our numerical findings suggest that the proposed hierarchies remain valid for gGHZ states. gW states. Let us now move to another class of threequbit states, namely, the generalized W states, whose parametric form is given by
where 0 ≤ α, β ≤ π, and 0 ≤ γ 1 , γ 2 ≤ 2π. Due to the increased number of real parameters required for specifying the gW states, it is not possible to obtain analytical closed forms even for the RLE. We perform numerical analysis and find that similar to the gGHZ states, there exists gW states for which E 12 − E 12 = δ ∼ 10 −2 when even a low noise is applied to the qubits. This suggests that the hierarchies of LE and RLE have to be checked separately in the case of the gW states under noise. Let us first check whether inequalities. (26)-(29) remain valid for LE in the case of gW states. We observe that the hierarchies labelled as "Env" are valid for LE in all states generated after interaction of local BF and PF noise with the gW states. However, there can be violation of microscopic hierarchies, labelled as "A" and "B". To consider the degree of violation of the hierarchy "B", we consider a quantity
In Fig. 5 , ∆ B is plotted with α and β, keeping γ 1,2 = 0, for the bit-flip noise strength p = 0.1 for each qubit, and we notice that ∆ B is positive as well as negative, confirming the violation. Numerical analysis suggests that this feature remain qualitatively unchanged when the strengths of the noise is also increased. Note, however, that in the case of RLE, all the proposed hierarchies remain valid in the case of the gW states subjected to BF and PF noise of all possible noise-strength.
Random 3-and 4-qubit states. Let us now investigate
what is the fraction of states for which these hierarchies are violated in the case of three-qubit generic random pure states sent through local noisy channels. Towards this aim, we Haar-uniformly generate generic 3-qubit pure states of the form
with i1i2i3=0,1 |a i1i2i3 | 2 = 1 and a i1i2i3 = α i1i2i3 + iβ i1i2i3 , where α i1i2i3 and β i1i2i3 are real numbers, by choosing the values of α i1i2i3 and β i1i2i3 from a Gaussian distribution of mean zero and standard deviation Random three-qubit states under phase-flip noise p = 0.1 p = 0.2 p = 0. unity [103] . Here, |i k ∈ {|0 , |1 }, k = 1, 2, 3, form the computational basis of qubits 1, 2, and 3. These states form the GHZ class of three-qubit states [94] . On the other hand, there exists another class of three-qubit states [94] , called the W class of states, which can not be transferred to a state from the GHZ class by stochastic local operations and classical communication with a single copy A generic state belonging to the W class is represented as 
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(iii) values of α l and β l , j = 0, 1, 2, 3, from a normal distribution of mean zero and standard deviation unity. We Haar uniformly generate three-qubit states belonging to these two classes, and subject them to single-qubit local PF and BF noise on different qubits. The percentages of such states for which the hierarchies presented in Eqs. (26)-(29) remains valid are tabulated in Table I . The prominent observations from the data are as follows.
• For both GHZ and W class states, the percentage of states for which hierarchies "Env" and "A" remains valid varies very slowly with increasing noise strength for both the PF and BF noise. The maximum variation between any two fractions of such states, corresponding to any two different values of noise strengths, is ∼ 1%.
• The hierarchy "B" remains valid for almost all states belonging to the GHZ and the W classes under both PF and BF noise.
• The number of W class states for which the hierarchy "A" is valid is considerably low in the case of the PF noise. The number increases in the case of the BF noise, but remains ∼ half of the number of states in W class for which the hierarchies "Env" and "A" are valid.
• We also observe that for the cardinality based hierarchy, all of the GHZ and the W class states subjected to local noise of BF or PF type are in agreement.
In order to check whether similar trend exists for the four-qubit systems as well, we Haar uniformly generate four-qubit states of the form
where the coefficients a i1i2i3i4 , i 1 , i 2 , i 3 , i 4 = 0, 1, and the bases |i k , k = 1, 2, 3, 4, have similar implications as in the case for three qubits, and the complex state parameters {a j } are sampled in a way similar to that in the case of the 3-qubit GHZ and W class states. We follow the same labelling scheme for the hierarchies in four-qubit systems as in Figs. 1 and 2 , where H 4 and H 5 represent the envelope hierarchies. In Tables II, we have tabulated the percentages of Haar uniform random four-qubit states that obey the hierarchies labelled as H 1 , · · · , H 5 . Note here that while checking the hierarchy H 2 , in order to obtain the broad picture instead of getting data cluttered with microscopic details, we have combined the four microscopic hierarchies into the following two:
max E
(1)
where we have kept both unmeasured qubits at the same footing. This is a logical choice when the states are generated Haar-uniformly in the space of fourqubit states, where noise on qubit 1 is equivalent to noise on qubit 2 in terms of statistics of the state space. We now summarize the observations.
• The percentage of states for which the hierarchy H 4 (equivalent to the hierarchy "Env" in the three-qubit system) remains valid is considerably low in the low-noise scenario (for example, p = 0.1) in the case of both PF and BF noise, and increases with the increase in the noise strength.
• Almost all random Haar-uniform four-qubit states obey the microscopic hierarchies H 1 and H 3 , while the percentages of states obeying hierarchy H 2 is lower. Moreover, unlike the other microscopic hierarchies for the four qubit states as well as the three-qubit system, the percentage of states obeying hierarchy H 2 decreases at a considerable rate with increase in the noise strength for both PF and BF noise.
• From our numerical data, it appears that the percentages of four-qubit states obeying hierarchy H 4 is approximately complementary to the fraction of four-qubit states for which hierarchy H 5 is valid. As the noise strength in the case of the PF and the BF noise increases, the fraction of states for which hierarchy H 4 (H 5 ) is valid decreases (increases). Note here that the hierarchy H 5 takes into account only the cardinality of the set of noisy qubits, and not the intricacies of localizable entanglement.
VI. ORDERING OF STATES AFFECTED BY DEPOLARIZING CHANNEL
In this section, we consider a symmetric noise model, namely, the DP noise, as opposed to the asymmetric BF and PF noise. Similar to the previous section, we start with the effect of DP noise on the three-qubit gGHZ state, and present the following Proposition VI for the RLE. Proposition VI. Depolarizing channel. When all or a set of qubits of the generalized GHZ state are passed through DP channel, according to the value of RLE, the following classification of states is possible.
3-qubit states: Depolarizing noise p = 0.1 p = 0.2 p = 0. See Appendix B 3 for the proof. Note that in the case of the DP noise, at p = 0, E 12 (ρ 123 ) = E 12 (ρ 12 ) = E 12 (ρ 13 ) = E 12 (ρ 1 ) = E 12 (ρ 3 ), (50) all of which have maximum value 1 2 sin α at p = 0. For 0 < p ≤ 1, E 12 (ρ 3 ) decreases linearly with p, vanishing only at p = 1, thereby showing a higher robustness compared to the same for E 12 (ρ 123 ), E 12 (ρ 12 ), E 12 (ρ 13 ) and E 12 (ρ 1 ), which decrease monotonically with p, and may vanish at p = p c ≤ 1. The values of p c corresponding to E 12 (ρ 123 ) and E 12 (ρ 12 ) are respectively given by the solutions of the equations E 12 (ρ 123 ) = 0, E 12 (ρ 12 ) = 0,
which depends on the chosen initial gGHZ state via the parameter α. However, in contrast, for E 12 (ρ 13 ) and E 12 (ρ 1 ), p c = 1 2 and 2 3 respectively, which are independent of the chosen initial state.
Let us now check the validity of the hierarchies in LE in the case of the DP noise. For the gGHZ states, the proposed hierarchy of three-qubit states remain valid for LE, as demonstrated via the dynamics of the different LEs in Fig. 4 . However, in contrast to the BF noise, for the gW states, no evidence is found for the violation of any of the three-qubit hierarchies, as given in Eqs. (26)- (29) . This is demonstrated in Fig. 5 by the absence of negative values in the variation of ∆ B (Eq. (43)) against α and β for the depolarizing noise with a specific noise strength.
The trends of the fraction of randomly generated three-and four-qubit states for which the rankings are valid exhibit several contrasting behaviour to the same for the PF and the BF noise (see Table III ). For example, in the case of the DP noise, both microscopic hierarchies "A" and "B" are satisfied by all the randomly sampled states from the three-qubit GHZ and W classes, which is unlike the trend in the case of the PF and the BF noise. On the other hand, the number of states from these classes, for which the hierarchy "Env" is valid, has a high value, which increases slowly with p, similar to the PF and the BF noise. This behaviour remains unchanged when the number of qubits is increased from 3 to 4, in the sense that all the microscopic hierarchies, H 1 , H 2 , and H 3 , are valid for 100% of the randomly sampled Haar-uniform four-qubit states. However, the envelop hierarchy H 4 is valid for a less number of states, and the fraction increases at a considerable rate when the noise strength is increased from p = 0.1 to p = 0.3.
Note here that the variation of the size of population of four-qubit states, for which the cardinality-based hierarchy H 5 remains valid, also exhibits different trends from that of the PF and the BF noise. The complementary nature of the values of the fraction of states obeying H 4 and H 5 breaks down as the strength of the DP noise increases, although the individual behaviour of the percentages of four-qubit states obeying H 4 and H 5 against the noise strength remains qualitatively the same as in the case of PF and BF noise.
VII. RANKINGS OF STATES INDUCED BY AMPLITUDE-DAMPING NOISE
We now consider a non-Pauli noise, namely, the single-qubit uncorrelated AD noise. The first step is to investigate its effect on the hierarchies of the RLE. Interestingly, in contrast with the cases of the Pauli noises considered in this paper, in the case of the AD channel, the hierarchies are altered when one crosses a specific value p = p cr on the p-axis. The value of p cr is fully dependent on the initial state parameters. This is de-3-qubit states: Amplitude-damping noise p = 0.1 p = 0.2 p = 0. for p cr < p ≤ 1. Here, p cr is given by
where f (α) = 2 sin α − 4 sin α[sin α + cos α − 1] 2(1 − cos α) .
Direct computation of all the expressions lead to the inequalities as above, as shown in Appendix B 4.
Our numerical analysis shows that the crossing point p = p cr exists even for the case of LE ( E 12 (ρ 12 ) and ρ 12 (ρ 13 )) of gGHZ states subjected to AD noise, which has been demonstrated in Fig. 4 . While all of the threequbit hierarchies (Eqs. (26)-(29)) remain valid for the gGHZ states subjected to the AD noise, there exists a considerable number of gW states which, when subjected to AD noise, violates the microscopic hierarchy "B". In Fig. 5 , a negative value of ∆ B demonstrates a violation of the hierarchy "B", which is found in a considerable number of gW states, similar to the ones found in the case of the PF and the BF noise. Also, in the case of the three-qubit GHZ and W class states, all Haar-uniformly sampled states follow hierarchies "B" -a feature which remains constant qualitatively as well as quantitatively when the noise strength is increased. However, the fractions of the states obeying "Env" and "A" are lower, and varies slowly with p. In contrast, in the case of the four-qubit system, all the microscopic hierarchies except H 2 remains valid for all random four-qubit states, irrespective of the strength of the noise. Also, the complementary nature of the fractions of states obeying the envelope hierarchies H 4 and H 5 is lost in the present case, as in the case of DP noise. However, the individual trends of the fractions of random four-qubit states obeying H 4 and H 5 against the noise strength remains qualitatively similar to that found in the case of the PF, BF, and the DP noise, i.e., percentage of states satisfying H 4 increases with the increase of p, while the same for H 5 decreases.
VIII. CONCLUSIONS
A knowledge of how entanglement in a noisy quantum state is affected due to a spatial distribution of noise acting on the quantum state is essential for complete characterization of the state. In this paper, we studied different orderings of the values of localizable and restricted localizable entanglement, computed using negativity as entanglement measure, over a specific qubit-pair in a multiqubit system, when local noise acts on the whole, or a group of qubits in the system. We proved that the information on the noise applied to a qubit in a multi-qubit state remains even after the local projection measurement and subsequent tracing out of the qubit from the system required to compute localizable entanglement (LE) as long as the measurementbasis and the basis of the Kraus operators representing the noise model do not commute. This result remains unchanged for single-qubit phase-flip, bit-flip, and depolarizing noise. Depending on these results, and the properties of entanglement in noisy environments, and on our analytical results regarding the effect of single-qubit noise on the restricted localizable entanglement, we proposed a set of hierarchies that the value of the localizable or restricted localizable entanglement should obey when local noise acts on a set of qubits in the system. We tested the proposed rankings among states based on localizable and restricted localizable entanglement in Haar uniformly generated random three-and four-qubit systems. In the former, a number of paradigmatic classes of states, such as the generalized GHZ and the generalized W states, and the GHZ and the W classes of states, are sent through local noisy channels of the mentioned types, and the percentages of states with respect to the validity of the proposed hierarchies are reported. On the other hand, we found that a hierarchy that emerges simply from the cardinality of the set of noisy qubits is violated for both three-and four-qubit states with the increase of the strength of the noise. Our results, therefore, opens up a new pathway for classifying the random states according to LE in the states-space under the action of local noisy channels, and are expected to be useful in quantum information processing tasks like measurementbased quantum computations and the quantum errorcorrecting codes in which states with nonvanishing LE can be used as resources.
